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Abstract Formulation of locally conservative least-squares finite element methods (LS-
FEM) for the Stokes equations with the no-slip boundary condition has been a long stand-
ing problem. Existing LSFEMs that yield exactly divergence free velocities require non-
standard boundary conditions [3], while methods that admit the no-slip condition satisfy
the incompressibility equation only approximately [4, Chapter 7]. Here we address this
problem by proving a new non-standard stability bound for the velocity-vorticity-pressure
Stokes system augmented with a no-slip boundary condition. This bound gives rise to
a norm-equivalent least-squares functional in which the velocity can be approximated by
div-conforming finite element spaces, thereby enabling a locally-conservative approxima-
tions of this variable. We also provide a practical realization of the new LSFEM using
high-order spectral mimetic finite element spaces [15] and report several numerical tests,
which confirm its mimetic properties.

1. INTRODUCTION

In this paper we consider least-squares finite element methods (LSFEMs) for the velocity-
vorticity-pressure (VVP) formulation of the Stokes problem
VXw+Vp=f in Q
(1) VXxu-w=0 inQ
V-u=0 in Q
where u denotes the velocity, w the vorticity, p the pressure and f the force per unit
mass. Our main focus is on the formulation of conforming LSFEMs that are (i) locally

conservative, and (ii) provably stable when the system (1) is augmented with the no-slip
(velocity) boundary condition

>

2) u=0 onodQ.
Note that (2) is equivalent to a pair of boundary conditions
3) u-n=0 and uxn=0 onoQ,

for the normal and tangential components of the velocity field, respectively.

Formulation of conforming LSFEMs that satisfy both (i) and (ii) had been a long-
standing challenge. Existing conforming methods generally fall into one of the following
two categories. The LSFEMs in the first category, see e.g., [2], [8], are stable and ac-
curate for (1) with the boundary condition (2) but satisfy V - « = 0 only approximately.

Date: August 20, 2015.
1991 Mathematics Subject Classification. Primary 65N30, 65N35; Secondary 35J20, 35J46.
Key words and phrases. Least-squares, mimetic methods, spectral element method, mass conservation.
This paper is in final form and no version of it will be submitted for publication elsewhere.
1
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Conversely, the LSFEMs in the second category; see, e.g., [3], [4, Chapter 7] yield exactly
divergence free velocity fields but require the non-standard normal velocity, tangential vor-
ticity boundary condition

“4) u-n=0 and wxn=0 ondQ,

i.e., they specify only the first of the two velocity conditions in (3).

Thus far, achieving both stability and mass conservation with the velocity boundary
condition has been only possible by switching to a non-conforming formulations such as
the discontinuous LSFEMs in [6] and [7]. In this paper we address this problem by de-
veloping a new, non-standard a priory stability bound for the VVP Stokes system with (2).
We refer to this bound as “non-standard” because (i) it uses an operator norm to measure
the residual of the momentum equation in (1), instead of a conventional Sobolev space
norm, and (ii) it employes a weak curl and grad operator in the second equation of (1).
This stability bound gives rise to a norm-equivalent functional, which can be discretized
by using div-conforming elements for the velocity fild. In so doing we are able to obtain a
LSFEM that is both locally conservative and stable for (1)-(2).

We have organized the rest of the paper as follows. Section 2 introduces notation and
some necessary background results. In Section 3 a non-standard stability bound will be
given. In Section 4 the associated variational formulation will be presented. Section 5 in-
troduces conforming finite dimensional subspaces which respect the properties of the exact
sequences. In this section all operations on polynomials will be represented by operations
on their expansion coefficients. Results of the mimetic least-squares spectral element will
be presented. Concluding remarks and future work are discussed in Section 7.

2. PRELIMINARIES

In what follows Q c R, d = 2, 3 is a bounded open region with Lipschitz boundary 0Q.
We recall the space L?(Q) of all square integrable functions with norm and inner product
denoted by || - ||p and (-, -)o, respectively, and its subspace Lg(Q) of all square integrable
functions with a vanishing mean. The spaces H(grad, Q), H(curl, Q) and H(div, Q) contain
square integrable functions whose gradient, curl and divergence are also square integrable.
When equipped with the graph norms

. 2 2 2 . 2 2 2 . 2 2
gllgraa = llgllg + V4l 11€I1Z,, == €15 + IV X &lfg , and [[vlig;, = llvll; + IV - vlf5 ,

the spaces H(grad, Q), H(curl, Q) and H(div, Q) are Hilbert spaces.
We will also need the factor space H(grad,Q)/R, which contains equivalence classes
of functions in H(grad, Q) differing by a constant, and the subspaces

Hy(curl,Q) = {v € H(curl,Q)|v X n = 0on 0Q},
Hy(div,Q) = {v € H(div,Q)|v-n=00n0Q} ,
of H(curl, Q) and H(div, Q2), respectively containing functions whose tangential and nor-
mal traces vanish on the boundary. The Poincare inequalities
(5) ligllo < ClIVgllo,  1I&llo < CAIIV X &llo + IV - &llo},  llvllo < C{IIV - vllo + IV X vllo},

which hold for all ¢ € H(grad,)/R, & € Hy(curl,Q) and v € Hy(div, Q), respectively,
imply that the associated semi-norms are norms on these spaces.

The spaces H(grad, ), H(curl, ) and H(div, Q2), and the associated spaces H(grad, Q)/R,
Hy(curl, ), and Hy(div, Q) provide the domains for the gradient, divergence and curl oper-
ators. We denote the ranges of these operators by R(x), resp., Ro(*x) where x € {V, VX, V-}.
For instance, R(VX) is the range of curl acting on H(curl, Q) and Ry(V-) is the range of
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divergence acting on Hy(div, Q). Likewise, N (x), resp. Ny(*) are the nullspaces of these
operators in the appropriate function spaces.

The vector identities V X (V) = 0 and V - (VX) = 0 imply that Ry(V) € Ny(VX),
Ro(VX) € No(V-), and R(V) € N(Vx) and R(Vx) € N(V-). In this paper we assume that
Q is such that
6) Ro(V) = No(VX), R(V) = N(VxX) and Rp(VX) = Ny(V-), R(VX) = N(V-).

A sufficient condition! for (6) to hold is for Q to be a contractible, or star-shaped. This
result is known as general Poincare lemma [19, p.69]

2.1. Adjoint operators and decompositions. The proof of the non-standard stability
bound in Section 3 uses on orthogonal decompositions of Hy(div, Q) and H(div, ). Since
Ro(VXx) is a closed subspace of Hy(div, Q) and R(VX) is a closed subspace of H(div,Q),
assumption (6) implies that

Hy(div, Q) = Ro(VX) ® Ro(Vx)* = No(V-) & No(V-)*
H(div,Q) = R(VX) ® R(VX): = N(V)Y@ N(V-)*.
For instance, the first decomposition means that every u € Hy(div, Q) can be written as
@) U =uy+uyL .

where uy € No(V-) and uy. € N(V-)*. The nullspace component uy = V X £ solves the
variational equation: seek & € Hy(curl, Q) and u € Hy(grad, Q) such that

(VXEVXQ+ (Vo = (u,VxC) V¢ € Ho(curl, Q),
(€, VAo 0 VA € Hy(grad, Q)

The orthogonal complement component uy: solves a similar mixed problem: seek uy: €
Hy(div,Q) and ¢ € L%(Q) such that

®)

©) (uns,v)o + (¢, V- v) 0 Vv € Ho(div, Q),
(V-uys, o = (V-ug) Ve LjQ)

For a given ¢ € Lé(Q) the first equation in (9) induces a mapping ¢ — wuy. which we call
a “weak” gradient V* of ¢. Succinctly, V* : L%(Q) — Hy(div, Q) according to

(10) V'¢,v) :=(¢,-V-v)y , Yv e Hy(div,Q) .

One can show that under assumption (6) there holds Ny(V-)* = Ro(V*) and so,
an Ho(div, Q) = Ro(VX) & Ro(V7).

In other words, the decomposition assumes the form

(12) u=Vx&+V

where & € Hy(curl,Q) and ¢ € Lé(Q). In particular, ¢ € L%(Q) satisfies V*'¢ - n = 0.
We will also need a “weak” version of the curl operator V*xu : H(div, Q) — H(curl, Q)
defined by

(13) (V* xu, &)y = (u,Vx&),, VEeH(curl,Q).

The operator V*X enforces weakly the boundary condition w X n = 0 on its argument.
And we need a “weak” version of the gradient operator V*p : L*(Q) — H(div,Q)
defined by

(14) (Vp,w)y = (p.-V-u)y , Yu € H(div,Q).

IThe first identity holds if © has no loops, whereas the second identity holds if  has no holes.
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2.2. Weak norms and seminorms. The a priory stability bound for (1) that provides
the foundation for our mimetic LSFEM requires nonstandard norms and seminorms for
functions in H(div, Q), H(curl, Q) and L*(Q). First, for any u € H(div, Q) we define

(u,v)o
(15) lullp = sup .
veHdiv) 1Vllaiv

Second, for any & € H(curl, Q) we define

(VX w,v)
(16) IV X wlly, := sup —— 20
veNow)  Vllaiv
Lastly, for any p € L*(Q) we define
X (p,V-v)
(17) IV'pllys = sup D10
weNovyt  [Vllai
Norm (15) is simply the norm on the dual space H(div,<)’. Insofar as (16) is concerned
taking sup over the nullspace Ny(V-) implies that
IV X wlly, < IV Xwllo
and so we call (16) weak curl semi norm. Finally, it is easy to see that (17) satisfies
IV plly: < 19" pllo

and we will refer to it as the weak norm on L2(Q).

3. NON-STANDARD STABILITY BOUND

In this section we establishes a priori stability bound for the VVP Stokes system (1)
with the no-slip boundary condition (3). The proof draws upon the techniques in [3] with
one important distinction. Stability proof in that paper relies on the orthogonality between
V X w and V*p when w has a vanishing tangential component, i.e., the fact that

(18) (VXw,V'p)=0 VYw e Hy(curl,Q) and pe LX(Q).
This implies a trivial lower bound (in fact an identity) for the L?>-norm of the residual of
the momentum equation

19) IVxw+Vpllo 2 IV X wllo + IV*pllo »

which represents a key juncture in the proof.

However, for the case of the no-slip boundary condition of interest to us, w € H(curl, Q)
and V X w is not orthogonal to V*p. As a result, (18), resp. (19) do not hold. Nonetheless,
the following theorem demonstrates that a lower bound similar to (19) can be established
in terms of appropriate weak norms and semi norms.

Theorem 1. For all w € H(curl, Q) and all p € L*(Q) there holds
(20) IVXxw+Viplp = 3 IV x wlly, + IV plin+) -

Proof. In order to bound the dual norm (15) from below by the weak curl-seminorm we
restrict the supremum to functions in No(V-) and use the fact that V*p € N (V-), see (14).
As a result,

VXw+Vip,v VXw+Vip,v
IV X w + V*pllp _ ( P, V)o > ( D, V)o
veH(div,Q) lvllai weN (V) lvllaiv
V' peNE (V) (VX w,v)
21 = —— = [[VX W, .

veNovy  Vllaiv
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Similarly, to bound the dual norm in terms of the weak L? norm we restrict the supremum
to the orthogonal complement Ny(V-)*. From (12) we know that all elements of Ny(V-)*
are given by V*¢ for ¢ € Lg(Q). From (13) we have that

0= (V* X V*(P’ w)o = (V*‘p’ VXxXw),

where again V*x weakly enforces V*¢ X n = 0O:

VXw+Vip,v VXw+Vipv
IV X w + V*plln _ sup ( PsV)o S ( P> V)o
veH(div,Q) lvllai EN(V)* [vpllaiv
Ve LNp(V-)* (V*p,v)o .
(22) =" ——— =IV'plln; -

veNo(vy:  IWllaiv

Combination of these two bounds proves the theorem:

* 1 * 1 *
IVxw+Vipllp = SlIVXw+Viplp + SV xw+Vplp

(21,22)

1 1,
(23) EIIV X wly, + EIIV pllve -

]

Remark 1. Unlike the case of the nonstandard normal velocity-tangential vorticity bound-
ary condition considered in [3], in which (19) holds with an identity, Theorem I can only
bound a dual norm of the momentum equation from below by weaker semi norms of the
vorticity and the pressure. As mentioned at the beginning of this section, the reason for this
is the lack of orthogonality between V X w and V* p.

To state the main result of this section it is convenient to introduce the “weak” curl norm
IR, = llwll2 + IV X Wi,
Theorem 2. There exists a constant C > 0 such that
IV X+ Vply + o = V" xully + 17wl > € (I, + el + 19" Pl |
for every w € H(curl,Q), u € Hy(div,Q) and p € L*(Q).
Proof. The proof follows the ideas in [3]. We have
(24) IV X u - wlf = IV X ullf + lwll§ - 2(V* X u, w)

where V*x is the weak curl® defined in (13). To bound the last term we split it in two equal
parts. On the one hand, the Cauchy-Schwartz inequality gives the bound

(V' X u,w) <[V X ullllwllo -
On the other hand, using (12) and (13)
V' Xxu,w) = (V' X (uy + uy:),w) = (V' Xuy,w) = (uy, VX w),
and since uy € Ny(V-) definition (16) of the weak curl semi norm implies
(un, Vxw) < lunllollV X wlly, < llullollV X wlly, -
Using these inequalities in (24) gives the bound
IV* X w = wllf > IV* X ull§ + llwll§ - 1IV* X ullllwllo = llulollV X wlly, -
2We recall that this operator enforces w X r = 0 in a weak, variational sense. As a result, the first part of

the no-slip condition (3) is enforced strongly through w € Hy(div, Q), while the second part is enforced weakly
through the definition of V*x.
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Using the e-inequality for the last two terms gives

IV* x u— w2

S\ . 1 € 1
©5) > (1= 2)1v ulf + (1 : 2—5) ol = Slhul} = -1V x i,
Using Poincaré-Friedrichs inequality [4, Theorems A.10-A.11]
. 1
(26) V" X wllg + IV - ully = — llullg ,
CP
gives

IV* X u = wlff + IV - ullf 2 5 (L=9)[IV" x ullg + IV ull;

1 , 11 , 1 )
27) +(1 - 2—5)Ilwllo+ E(C_f, —E)IIUIIO— 2V x @l -
Adding B times the momentum equation yields and using Theorem 1

BIV X w+V*pl, + IV x w — wlff + IV - ull§

1 ) 1 1
25 (1=8)IV* x ully + EHV ull} + (1 - Zi) llwllg+
11 ) 1 2 Bk
(28) E(C_I% —e]||u||0+ E(B—E)HVXMHNO + §||V Pliys -

For the specific choice € = 1/C3,6 =2/3and =1 + l/C%,
1 * 112 * 2 2
1+ E)”V Xw+Vpllp +IV: xu— ol + IV - ull

P

- 2, ] o Lo ] 2 [P .2
(29) 2 6”V X ullg + E”V “ully + Z”w”() + E”V X wlly, + E(C[D + DIV plly,

: 1 1 2 2 2 * 112
> min {6’ T 1)} (12, + ol + 19 )
The theorem follows from

2 2 2
llw = V* X ullg +IVXw+ Vel + IV - ull;
2

CP
(30) >
1+C;

1+

1 * *
E)||V><w+v PlIL+ IV X u — wlf} + ||V-u||§] .
P

4. VARIATIONAL FORMULATION

Based on the coercivity result in Theorem 2 we define the following least-squares func-
tion for (€, v, q) € X = H(curl, Q) x Hy(div, Q) x L>(Q) and f € H(div, Q)

1o «
G JEv.g =5 {IV xv- &l +IVxE+ Vg~ I +IV -0l -
The unique solution (w, u, p) of the Stokes problem is then given by

(32) (w,u,p) =arg minJ (&, v,q; f) .
(&v.9eX
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From the definition of the operator norm (15) it follows that for u € H(div, Q), ||ullp = 0 iff
(u,v)y = Oforall v € H(div, Q). Every v € H(div, Q) has a decomposition v = Vx&+V'g
with & € H(curl, Q) and ¢ € L*(Q), although this decomposition is not orthogonal

IVXxw+Vp-—fllp=0 < (VXw+Vp-FfVxE+Vq),=0,
for all £ € H(curl, Q) and ¢ € L*(Q). Taking variations of |jw — V* X ullé gives
(W-V'Xu,&-V'xv), =0,
for all £ € H(curl,Q) and v € Hy(div,Q). Finally, conservation of mass is satisfied if
[|V - ull(z) = 0 which implies that
V-u,V-v), =0,
for all v € Hy(div, Q). If we collect all these conditions for a minimizer we obtain
(VXw+V'p,VxE)+(w-V"xu,&y =(f,Vx&), V& € H(curl, Q)
(33) V'xXu—-—w, V' xv)y+(V-u,V-v), =0 Yo € Hy(div, Q)
VxXw+V'p,V'q), =(f.Vq), Vq € LX(Q)

Using integration by parts, using (13) and (14), we have: Find (w, u, p) € X such that
(34)

(VXw, VX &)+ (w, & — (u,VxEy =(f,VxE&), Y& € H(curl, Q)
-(VxXw,v)g+ (V' xu, V' xXv)yg+(V-u,V-v), =0 Yv € Hy(div, Q)
V'p.V'g)y =(=V-f.q) Vg e LX(Q)

The well-posedness result, Theorem 2, is inherited on conforming subspaces C" c
H(curl,Q), Dg C Hy(div,Q) and S" c L*(Q). The variational equation then becomes:
Find (", u", ph) e X'=Chx D’é x S" such that

(35)
(Vxwh Vxgh) +(wh ) - (u', Vxeh) = (£.Vx &), veh e Ch
- (V X wh, vh)o + (V* X u, V* x 'vh)o + (V -,V - vh)o =0 Yol e Dg
(V*[)h, V*qh)o — (_V - f, qh)o vqh cSh

The next section will be devoted to the construction of such finite dimensional conforming
subspaces.

5. MIMETIC SPECTRAL ELEMENT METHOD

Mimetic methods aim to decompose partial differential operators in a purely topological
part and a metric dependent part. The advantage of the purely topological description is that
it is independent of the size or shape of the mesh or the order of the approximation. We call
such relations exact. The orthogonal decomposition of Dg into divergence-free vector fields
and irrotational vector fields is fully represented by the topological part. Approximation
takes place in the metric dependent part. In this section we will present the spectral element
basis functions which span the finite dimensional spaces C", D and S”.

Similar ideas can be found in Tonti, [20, 21], Bossavit, [10, 11], Desbrun et al., [13],
Bochev and Hyman, [5], Lipnikov et al, [17], Seslija et al., [18], Bonelle and Ern, [9],
Lemoine et al., [16], Kreeft et al., [15] and references therein.
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5.1. One dimensional basis spectral basis functions. Consider the interval [-1,1] Cc R
and the Legendre polynomials, Ly(¢) of degree N, & € [—1, 1]. The (N + 1) roots, &;, of the
polynomial (1 — fz)L;V(f) satisfy —1 < & < 1. Here L) (¢) is the derivative of the Legendre
polynomial. The zeros are called the Gauss-Lobatto-Legendre (GLL) points. Let h;(£) be
the Lagrange polynomial through the GLL points such that

1 ifi=j
(36) hi(&)) = i,j=0,...N.

0 ifi#j
The explicit form of the Lagrange polynomials in terms of the Legendre polynomials is
given by

(1 - &)L\ (&)
(37) hi(é) = N :
NN + DLy(ED(E =€)

Let f(¢) be defined for & € [-1, 1] by

N
(38) F©) = ) aihi(@).
i=0
Using property (36) we see that f(£;) = aj, so the expansion coefficients in (38) coincide
with the value of f in the GLL nodes. We will refer to this expansion as a nodal expansion.
The basis functions 4;(£) are polynomials of degree N.
From the nodal basis functions we define the functions e;(¢) by

i-1 i-1
_ dh(&) .
(39) i6) == ), = gp e == ) (@)
k=0 k=0
The functions e;(¢) are polynomials of degree (N — 1). These polynomials satisfy, [14, 15]
£ 1 ifi =j
(40) ei(é) = i,j=1,...N.
&1 0 ifi#j

Let a function f(¢) be expanded in these functions

N

(41) F& =) bieid)
i=1

then using (40)

f@&) =b;.
£t
So the expansion coeflicients b; coincide with the integral of f over the edge [£;_1,&;]. We
will call these basis functions edge functions and refer to the expansion (41) as an edge
expansion, see for instance [1, 15] for examples of nodal and edge expansions.
Let f(¢) be expanded in terms Lagrange polynomials as in (38), then the derivative of f

is given by, [14, 15]

N N
(42) F@ =) ah© = (a-a)e®.

i=0 i=1
Remark 2. Note that the set of polynomials {h}}, i = 0,...,N is linear dependent and
therefore does not form a basis, while the set {e;}, i = 1,...,N is linear independent and
therefore forms a basis for the derivatives of the nodal expansion (38).
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For all integrals we use Gauss-Lobatto integration

1 N
(43) f FOE~ Y fEm,
-1 i=0
where the Gauss-Lobatto weight are given by
N ifi=0andi=N
(44) Wi =
- ifi=1,...,N-1

N(N+DL3 ()
Gauss-Lobatto integration is exact for polynomials of degree 2N — 1, see [12].

5.2. Two dimensional expansions. The decomposition of any vector field in Hy(div, Q)
into a divergence-free part and curl-free part, (2.1), is pivotal to the analysis in Section 2.
Consider [-1, 1]> ¢ R2. We will use tensor products of nodal and edge expansions to con-
struct conforming finite dimensional subspaces Ch, Dg and S g, and C", D" of Hy(curl,Q),
Hy(div, Q), L%(Q) and H(curl, ) and H(div, Q), respectively. Let (&,n;) the GLL points
in &- and n-direction. We will first describe the finite dimensional spaces and the primal
vector operations, Vx and V-, between these space.

5.2.1. Spaces and primal vector operators. Let the space C" consist of the span of {hi(&)h ()},

i,j=0,...,N. So any function w"(£,17) € C" can be written as
wo,0
N N
(45) whEn) = Z w;, jhi(E)h i) = [ho(Eho(p) ... hn(Ehn)]
=0 j=0
WN N

From (36) it follows that w; ; = w(&;,77;). We obtain Cg from C" by setting the degrees of
freedom on the boundary to zero, so for 9" € C’O1 we have the expansion

Y1
N-1N-1
46) ") = Z Yi jhi©hjm) = [h(©h@) ... hy-1(Ohy-1()]
i=1 j=1
YN-1,N-1
If we apply the 2D curl to w” we obtain, using (42)
Tito L1 @i = wij-Dhi@e ()
v, h _ i=0 & j=1 5] »J J
et ( 1 2 o(winrj = wi eié)h ()
wo,0
_| ho@®ei(m ... hn(&en(m) 0 0 10
“n = [ 0 0 a@h ... ex@©hp |E
WN,N

Here E'0 is called an incidence matrix which contains the values —1, 0 and 1. This inci-
dence matrix is very sparse.

Let the space D" be the span of {hi@e;jm)} x {ex(©h @)}, fori,1 = 0,...,N and j, k =
1,...,N, then (47) shows that Vx : C" — D",
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Let f" € D", then it can be expanded as

f [ S0 S0 S hi©e ) )
X X fled©hm)
A
4g) = [ho@el(n) oo hy(©en(n) 0 0 fun
0 0 a@hotp) ... en®hw) || £l
| iy ]

Since both V x w" € D and " € D", the equality V X w” = " makes sense in D". If we
equate (47) and (48), we obtain

] fél ]
w0 .
(49) E"0 : = f";N ,
' fio
wN,N
| i |

independently of the basis functions! So Vx can be discretized by the sparse incidence
matrix E'Y which only contains the entries —1, 0 and 1. This incidence matrix is indepen-
dent of the mesh width, the shape of the mesh — you can stretch, twist, shear the grid but
the incidence matrix remains the same — and it is independent of the order of the scheme.
E'0 represents the purely topological part of the derivative. All metric properties, size and
shape of the grid and the order of the scheme, are contained in the basis functions.

The space Dg is obtained from D" by setting all fluxes over the outer boundary to zero.
An element u” € Dg is therefore represented as

no_ ( AL uijh,-@)ej(n))

¥ 2 u] ei@nm)
”il
(50) = [m@)el(n) oo o1 ©en() 0 0 Wy
0 0 a@h@ ... exOhva@) || ul|
u”N,N—l
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Note that if 1" € Cg as in (46) then V x 9" € Dg therefore V x 9" = u/ is well-defined
in Dg. The relation between the expansion coefficients of 15" and u” is given by

3
Uy
Y11 .
710 : u[i’—l N
(51) E"- . = 7
’ U
UN-1,N-1 ; :
Uy N-1

Here E' is obtained from the E' in (49) by eliminating the the rows which correspond
to zero velocity fluxes over the outer boundary and the columns corresponding to the zero
stream function along the outer boundary.
Let f" € D" as in (48) then the divergence of f is given by

N
v-f zxﬁ_ﬁufﬁ‘ﬂﬂﬁ@“m

=1
i f(i] -

N
i=1

mw@.umwme@,

1,0

(52)

7
NN

where we used (42) again. The incidence matrix E>! is again a sparse matrix which only
contains the values —1, 0 and 1. Note that for all w" € C} we have that

Wo,0
(53) V- (Vxwh)=[ei@ei() ... en@eymIEX'EY| : |=0.

WNN

Since this has to hold for all w” € C" and the basis {ei(§)e (1)} is linearly independent, we
need to have E>'E!0 = 0.
Let S” be space spanned by the basis functions {e;(¢)e ()}, then we see that V- : ) L
S". So for any ¢" € S" expanded as
N
(54) g=>
i=1

N
i =

> gijei®eim)

J
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the equation V - f" = ¢" makes sense in §” and since both V - £ and ¢" are expanded in
the same basis, the expansion coefficients need to be equal

_ foi _
qi1,1
2,1 f{ _ .
(55) E M;N =
1,0
R 4gN.N
| Sy |

For u" € D the expansion of V - «” has a similar expansion as (52)

N N
V.u =

¢
(- oy o+ U = ”7,,--1) ei(&)e ()

i=1 j

(56) le1©er() ... en@en(IE>'| "N |

n
L Unn-1 |

where uf),j = “fv,j = “Zo = u7 » = 01in the first equality. Note that the incidence matrix E>!
is obtained from E>! in (52) by removing the columns which correspond to the zero fluxes
along the outer boundary.

Because V- : D} — S{, we set S = span{e;(&)e;(n)} for i, j = 1,...,N. This means

that every m”" € S can be expanded as

(57) m'(& m) =

N
i=1

N
Z m; jei(§)e;(n) .

J=1

i 1
mi; = f f m(&,m) dédn .
&im1 Inja

The expansion coefficients m; ; therefore denote the integral of m" over the two-dimensional

volume [&;-1, &] X [17;-1,7;].
If m" € S is in the range of V- applied to D, i.e. m" = V - u” for " € D{ then

1 1 1 1
(58) ffmhdfdn:ffV~uhd§dn:0.
-1J-1 -1J-1

So, Sg is obtained from S” by imposing the constraint (58). Using (57) this implies that
the degrees of freedom (expansion coeflicients) m; ; need to satisfy

(59) sz,-,jzo.

For all ¥" € C’g we have that V - (V X 9") = 0 which implies analogous to (53) that
E21E10 =),

Using (40) we see that
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Note also that conservation of mass, V-u" = 0, by (56) reduces to the following relation
for the expansion coefficients of u"

%
(60) B2 Vo =0,

Uy,

n
L Uyn-1 ]

We now have the conforming finite dimensional function spaces C" c H(curl,Q), D" c
H(div,Q), S" € L*(Q), Cg C Hy(curl,Q), Dg C Hy(div, Q) and Sg € L%(Q), such that Vx
and V- form an exact sequence between these spaces, i.e we have the finite dimensional
analogue of (6)

(61) RUVX) = NI(V)  and  RM(Vx) = N'(V) .
This relation can also be expressed in terms of the incidence matrices as

(62) R'EY) = N"E>)  and  R'(E") = N'(E>).

5.3. Inner products. In order to define the adjoint operators, we need to introduce inner-
products on the various spaces.

5.3.1. Inner-product on C". Let ", w € C", then the L>-inner product in C" is given by

wo,0
1 1
6 ()= [ [ Sedean=leo onnlu®] |
“1J4
WNN
where M© is an (N + 1)? x (N + 1)? matrix with entries
1 1
(64) 1O = [ [ @@t dedy ik =0 N
-1 J-1

If we evaluate the integrals in the mass matrix using GLL integration, (43), and use (36),
we see that M(© is a diagonal matrix with the product of the integration weights (44) on
the diagonal.

5.3.2. Inner-product on C’é. Let &",4h € C!, then the L*-inner product in Cg is given by

Y11
s
(65) (Eh’¢]1)o = j:l j:] gyptdedn =61 ... onoin-1 | M@ ,

WN-1,N-1

where M© is an (N — 1)> x (N — 1)? obtained from M® by deleting the rows and columns
corresponding to the prescribed zero values of £ and 1" along the boundary. The mass
matrix M© is still diagonal.
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5.3.3. Inner-product on D". For u",v" € D" the inner-product is given by

&
1 1 VO’1
(66) (uh’vh)o = ‘[l f:l(uhvh)’ dfdf] — [ug’l o 1/1(],1\]] M(l) n
VNN
Here the mass matrix is given by
67) M ( (hi©)e jh©eim), 0 |
0 (ep©hgme ),

for i,k,q,s = 0,...,N and j,I,q,r = 1,...,N. The mass matrix M is a 2N(N + 1) x
2N(N + 1) block diagonal matrix, but it is not diagonal.

5.3.4. Inner-product on D, The mass matrix M) on D/ is obtained from M‘" by remov-
ing the row and columns which correspond to the zero fluxes on the boundary. M(" is then
a2N(N — 1) X 2N(N - 1) block diagonal matrix.

5.3.5. Inner-product on S" and S g. The mass matrix M® for both §” and § g is given by

1 Al

(68) M® = f f ei(©)ejmen&)e(n) dédn ,
—1J-1

fori, jk,I=1,...,N. M® is not diagonal, but diagonal dominant.

5.4. Finite dimensional adjoint operators. With the primary operators VX and V- de-
fined in Section 5.2.1 and the inner-products in Section 5.3, we can now define the adjoint
operators in the same way as in Section 2.2.

Let 'c,bh € Cg, then V X 1/;” € Dg, if we take the inner-product with any v e Dg we have
in terms of the expansion coefficients of 4" and v"

Y
h h _ & l Vvi(DRE(1.0)
(" v xy") = [ MR
YN-1.N-1
Y
_ 3 1 (DFELOTRAO0) " 17(0)
= [ [MOBECOMO
YN-1,N-1
(69) = (v* X vh,wh) )
So the expansion coefficients of V* x v" are given by
&
V11
MO FLOT 0
]
VN.N-1

These are the expansion coefficients in Cg. So if VX : Cg - Dg then V*x : Dg - Cg.
Note that in this integration by parts no boundary integral is neglected because )" vanishes
along the boundary.
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Let u” € Dg thenV-u" € S ’8. If we take the inner-product with any ¢ € S”, we obtain
in terms of the expansion coefficients of u’ and ¢"

”il
(¢h, V- uh)o = [¢1,1 e ¢N,N] M(Z)EZ,I
unN,N—l
&
Uiq
- — — 1] _—
= [¢i1 ... gun|MPEXMD MO :
unN,N—l
_ ¥ oh
(70) = (Vou )O .
Therefore, the expansion coefficients of V*¢ € Dg are given by
é1.1
MO g2 @
ONN

These are expansion coefficients in Df} so we use the basis functions in D} to expand V*¢",
such that V* : § g - Dg. Note that again no boundary integrals were neglected, because
u" - n = 0forall u" € Dg.

From

— h h _ h % h _ h * % h
0=(V-(Vxyh,¢"), = (VX" V'¢") = (", 7" x (V'¢"), ,
it follows that
ROV = NJ(V*x) and  RB(VX) L RE(VY) .

This can also be seen from the expansion coefficients. The expansion coefficients é of "
are mapped on the expansion coefficients MV E21" M®@ of V*¢", which are then mapped
by to the expansion coefficients M@~ E1O" MWD B2 MA@ of V*xV*¢" which is zero
because B0 E21" = (E("O)Ezﬁl) = 0.

We can now write the orthogonal decomposition of any u” € Dg in terms of the expan-
sion coefficients. Let ¢ € Cg and ¢" € § g such that

u' =Vxy+ V.
Then we have for the expansion coefficients
7 =B + MO B2V MO,

from which we can obtain the expansion coefficients ¥ and ¢ by solving the symmetric
systems

MOE 7 = OB MO BV MOF and B MOz = BV MOES .

Vx \
/ h h
& D; So
VX v
Or in terms of the expansion coefficients in these space
]El.() ]EZ.I
C(Ch) ————= E(D) ————— &(Sy)

O~ g1l O g2l e
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A similar construction can be applied for the adjoint operators between the spaces C",
D" and S". Let w” € C", then V x w" € D". If we take an arbitrary v" € D", then the inner
product in terms of the expansion coefficients can be written as

wo,0
h h _ 3 l (D1r(1,0)
('v ,VXw )0 = [Vo,l'-'VN,N]M E
WNN
w,0
- [f 1 HRLOPO ™ O
= [, Vi MOBCOMO M
WNN
(71) = (V' xoh ") .
So the expansion coefficients of V* x v" are given by
3
Yo,1
—1 T
MO ELOT (D
]
VNN

Note that in (71) we used (13), which implies that we implicitly set v x n = 0. The
expansion coefficients of V* x v" are expanded with the basis functions in C”, therefore
Vix: D' — Ch

For u” € D" then V - u”* € S". If we take the inner-product with any p € S, we obtain
in terms of the expansion coefficients of u and p"

3
o1
(ph, V- uh)o = [[71,1 . pN,N] M(Z)Ez’l :
"
Uy
”g,l
= [pui ..o pan]MPEMMOTMO)
"
Unn
_ *_h h
(72) = (Vp,'u,)o .
Therefore, the expansion coeflicients of V*p’ € D" are given by
PL1
MO 2 M@
PNN

These are expansion coefficients in D” so we use the basis functions in D" to expand V*p”,
such that V* : S — D", In (72), we neglected boundary integrals using (14) which weakly
impose " - n = 0 on functions in D".
With these formal adjoints (neglecting boundary integrals) we have that
R'(V*) = N"(V*x),
however R"(Vx) L R"*(V*) is no longer valid, see the introduction of Section 3.
Vx V-

Ch Dh S h
V*x v
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Or in terms of the expansion coefficients in these space

10 B!
P — D —
(C") ——= ¢D") ———= €($")
MO ELOT g MO E2T @

5.5. Mimetic least-squares for the Stokes problem. With the conforming finite dimen-
sional spaces and the primary and adjoint vector operations between these spaces, we are
now in the position to implement (35).

(Vxwh v x ,;:h)o +(w, gh)o — (u", v x gh)o =(£.Vx gh)o veh e Ch
—(Vxwho") +(V xul, v x o) +(V-ul, Vo) =0 Vo' € D}
V*ph’v*qh — —V-f,qh vqh ESh

( Jo = )o

We will use the representation of vector operations and their associated adjoint oper-
ations on the expansion coefficients and the inner-products on the various spaces. Since
some operations are multiply defined, depending to which sequence they belong it is im-
portant to establish in which sequence the operations take place; the one with boundary
conditions Cg - Dg ) g or the sequence without boundary conditions C"* — D" — S,

The term (V x wh, V x £h)0 is an inner-product in D" and is represented as

wo,0
[&oo ... Evn]EYYMOEW

WN,N

The term (wh, Eh)o is an inner-product on C” and will be represented as

CUO,O
[£00 ... EnnIM©

WNN

The term (V* x ul, V* x vh)o is an inner-product on Cg and will therefore be repre-
sented as
”il
£ 1 Sr(DE Lo (0) " F1,07 35r(1) .
Vi - vy JMUVETMY BV M :
]
L UNN-1
The term (V* P, V*qh)o is an inner-product on D" and will therefore be discretized as
[ P
[0 - guaMPEMMOTE MO |

L PNN

Mass conservation, as represented by the term (V cu, V- vh)o is an inner-product on
S¢ and will therefore be represented by

3 Yl 2,17y r(2)E2.1
05, .. Vi JE T MOE
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The term (uh, V x 5”)0 deviates from the other terms in the sense that it is in an inner-

product on D", since V x &" for ¢ € C" maps into D*. The space D" is spanned by
2N(N + 1) basis functions if polynomials of degree N are used. We then take the bilinear
product with u” € Dg which is spanned by 2N(N — 1) basis functions. This means that the
“mass matrix” is non-square. This term will be represented as

3
U

(oo ... EnnIEN MO : ,
Uy N-1
where M("" is the 2N(N + 1) x 2N(N — 1) matrix obtained from M by eliminating the
columns corresponding to prescribed zero fluxes in D’(’).
The right hand side term ( f,Vx £h)0 is an inner-product on C" which is represented as

fo

(oo .. EwnIENOMD| |,

7
N.N

and the terms (—V -7, qh)o is an inner product in S represented as

fo

[q11 ... gvnIMPE>'|
1
NN
If we collect all these contributions, the mimetic least-squares formulation with no-slip

boundary conditions becomes
(73)

M© + ELOT MVE! —B1OT MO 0 w ELO MO ph
_MO* g0 MOEOO ™ FLT 50 4 5217 MeE2! 0 [ u ]: [ 0
0 0 MBI MO 5217 @ P —-M®@E2! fh

The final discrete system consists only of mass matrices and incidence matrices related to

the various space and operations between these spaces. We started this section by stating
that a mimetic method aims to decompose a PDE in a purely topological part and a metric
dependent part. The mimetic least-squares formulation precisely achieves this, where the
topological part is represented by the incidence matrices and the metric dependent part
by the mass matrices. If the mesh is deformed, the mass matrices will change, but the
incidence matrices will remain the same.

6. NUMERICAL RESULTS

In order to asses the performance of the newly developed mimetic least-squares formu-
lation, we present several test problems.

6.1. Test case 1. Consider the Stokes problem defined on the domain Q = [-1, 171? with
u = 0 along the boundary. We take as exact velocity field
(74)
—4y(1 - yz)(l — x2)2sinQ2n(x + ) + 2x(1 — )21 - yz)2 cos(2r(x +y))
u(xsy): 4)6(1—)62)(1— 272 i _ 23201 _2)2
y7)7sin2a(x +y)) — 2n(1 — x°)*(1 — y*)* cosLn(x + y))

This velocity field is divergence free. For the right hand side function f we take f =
V* x V x u. In this case the corresponding exact pressure field is constant.

———
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N [ 4 [ 6 [ 8§ [ 1w [ 1= [ 1@ [ 16 [ 18
T, p f) 26-107 | 57-10° [ 44-10° 1.6-103 [ 50-10" [ 55-107T [ 28-107 [ 7.7-10°°
Hlw! = v x w2 13-10° | 3.9-10%2 | 57-10° | 93-102 | 3.2-10' | 40-107" | 22.10° | 6.0-107°

HVxo+vp—f || 13-10 | 53-10° | 13-10° | 7.0-10° | 18-10" | 1.5-107" | 57-10* | 1.6-107°
LIV - w2 74-107% | 41-107% | 65-1073 | 8.1-107* | 43.107 | 3.0-107"% | 1.1-107 | 47-10713
o = @l 32-10° | 3.1-10° | 9.6-10* | 80-10% | 21-10*> | 22-10° | 1.1-107 | 32107
I =l i 29-10° | 38-10° | 12-10* | 20-10° | 6.6-10' | 84-107" | 47-10° | 1.3-10°°
Ip" = ply g e 10-104 | 81-10" | 97-10° | 7.8-107" | 1.1-102 | 65-107° | 1.8-1077 | 2.6-10710
TasLe 1. Convergence results for Test case 1 with increasing polynomial degree
In Table 1 we list the results for this test case as a function of N. In the second row

the minimum of the least-squares functional is listed. The 3 residuals which make up

the least-squares functional are presented in the following rows. The error in vorticity

lw" — w||%_1(cwl’9), the error in velocity is measured in the || - ||z, (4iv.)-norm and the error in

the pressure is measured in the || - ||;2(q)/r-norm.

The first thing to note is that conservation of mass is satisfied up to machine precision.

Secondly, we see that the pressure is not independent of vorticity and velocity — as would

be the case for with normal velocity conditions and vorticity prescribed along the boundary.

6.2. Test case 2. Consider the Stokes problem defined on the domain Q = [-1, 17? with

u = 0 along the boundary. The right hand side function f in this case is given by

_ [ mcos(n(x +y))

(75) f(X,}’) - ( JTCOS(T[(.X' + y)) .

For this particular flow we expect a pressure field given by

(76) p(x,y) =sin(m(x +y)) + C,

where C is an arbitrary constant. The velocity and vorticity for this problem are identically

ZEero.

N ] 4 [ 6 ] &8 ] w0 [ 12 | 14
J (", ", p"; f) 8.4-10% 22-10° [ 69-10T ] 1.5-102 [ 25-107% [ 2.8-107°
%Ilwh -V'x uh||(2) 6.8-107 | 22-1073 | 8.6-1072 | 2.1-1072° | 2.3.107" | 4.6-107"

%IIV X"+ Vp-fl3 || 84-10° 22-10° [ 69-107" | 1.5-1072 | 25-10™* | 2.8-107°

%HV : uh||(2) 13-10726 | 1.2-107* [ 1.0-1072 | 1.6-1072! | 59-107" | 7.5-107%

0" = Ol eurrcn 40-10% | 1.5-1072" | 29-10% | 1.7-107"7 | 52-107'¢ | 2.4- 107"
[l — ullilu(dim) 1.4-1072* | 52-107% [ 2.4-1072 | 53-1072° | 6.0-107" | 1.3-10718
llp" —plliz(ﬂ)/IR 1.6-10° 3.6-10! 1.7-107" | 24-107* | 1.3-107 | 3.6-107"

TasLe 2. Convergence results for Test case 2 with increasing polynomial degree

The results for test case 2 are listed in Table 2. We see that for all polynomial degrees

we can capture exactly the zero velocity and vorticity field (up to machine accuracy) and
therefore also mass conservation is satisfied up to machine precision. What is more strik-
ing in comparison to Test case 1 is that a non-zero velocity-vorticity field influences the
pressure approximation, see Table 1. A non-constant pressure field does not influence,
however, does not influence velocity-vorticity.
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6.3. Test case 3. In Test case 1 we used a divergence-free right hand side function, while
in Test case 2 the right hand side function was irrotational. In this test case, we combine
these two cases by using the exact velocity field from Test case 1 and the exact pressure

field from Test case 2. The corresponding right hand side function is then given by
a7 F=VXV'xu+Vp.

The results of this test case are displayed in Table 3

y N | 4 [ 6 [ 8 [ 10 ] 12 | 14
JW" ul ph ) 27-107 [ 57-10° | 44-10° | 1.6-10° [ 5.0-10"T [ 5.5-1077
Hlwh = V* x uh|2 1.3-10* | 39-10> | 57-10° | 9.3-10> | 3.2-10" | 40-107"

UVxa"+Vip-f2 | 14-10* | 53-10° | 1.2-10° | 7.0-10*> | 1.8-10' | 1.5-107!
V-2 31-100% [ 3.6-107% [ 2.7-1003 | 1.8-107% | 4.6-10713 | 2.8-107"3

" = Ol e 33-10° | 3.1-10° | 9.6-10* | 8.0-10° | 2.1-10*> |24-107"
I =l v 29-10* | 3.8-10° | 1.2-10* | 20-10° | 6.6-10' | 84-107"
Ip" - Pl 1.6-10* | 1.2-10* | 98-10° | 7.8-107' | 1.1-1072 | 6.6-107

TaBLE 3. Convergence results for Test case 3 with increasing polynomial degree

The convergence results for Test case 3 are very similar to those of Test case 1. While all
residuals go to zero with increasing polynomial degree, conservation of mass, V - u’ = 0,
is satisfied up to machine accuracy for all polynomial degrees

In these 3 test cases the no-slip condition is enforced weakly without the need for ad-
justable parameters to enforce he no-slip constraint which is usually employed in least-
squares finite element methods.

7. DiscussioN

In this paper we developed a mimetic least-squares spectral element formulation for
Stokes flow with no-slip (velocity) boundary conditions « = 0 along the boundary of the
domain.

Stokes flow with no-slip boundary conditions involves to exact sequences. One se-
quence consisting of the spaces Hy(curl, Q), Ho(curl, Q) and Lé(Q) has boundary condi-
tions, while the other sequence consisting of H(curl,Q), H(div,Q) and L*(Q) does not
contain boundary conditions.

A non-standard stability proof for well-posedness is required in order to bound the
momentum equation in H(div, Q) from below to establish well-posedness of the least-
squares formulation.

Conforming finite dimensional function spaces have been constructed in a spectral ele-
ment context as well as the primary and adjoint operators between these spaces.

All these operations can be represented by operations on the expansion coefficients, i.e.
on the degrees of freedom in the various functions spaces. These operations can be divided
in topological operations by means of incidence matrices and metric-dependent operations
represented by mass matrices.

Although the no-slip condition is weakly enforced in this formulation, there are no
adjustable parameters to enforce the no-slip constraint.
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Numerical tests for non-trivial right-hand side functions reveal that the method is con-
vergent and that mass is conserved for all polynomial degrees. Approximation only takes
place in the momentum equation and the definition of vorticity.

Future work will focus on multi-element methods, curvilinear grids and error estimates
based on the current least-squares formalism.
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